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1. Introduction
The characterization of one-dimensional foliations on the plane, F(R2), has been developed by [4–6,9] among others.
Also the results of [7] can be applied here, since any foliation without singularities on the plane is orientable. Some partic-
ular cases were developed in earlier works and, in particular, the case of ﬂows with nontrivial orbits has been the object of
more recent works [2].
Any F(R2) can be brought to a foliation over the two-dimensional unity disc, F(D2). Furthermore, if we compactify the
plane, any foliation can also be considered as a foliation on the sphere, F(S2), although in this case the foliation is not
always orientable.
In many usual situations we don’t have a unique foliation, but the union of n distinct foliations. For instance, in the case
of implicit differential equations or when considering curvature or asymptotic lines of a surface. In many cases only a local
analysis of the generic situations is known. The transversality of the foliations implies restrictions, and the knowledge of
the topological invariants of each one separately is not suﬃcient to describe the global situation.
We will denote an n-foliation by Fn(R2) and by Fni (R
2) each of its individual foliations. In this work we will consider the
case n = 2 and assume that both foliations are transverse, i.e. Fn1(R2)  Fn2(R2). So in each point of the plane we have exactly
two different directions. This implies that any leaves, L1 of Fn1(R
2) and L2 of Fn2(R
2) intersect transversely if L1 ∩ L2 = ∅.
See [3] for a deﬁnition in a more general situation. We say that two 2-foliations are conjugated if there is a diffeomorphism
of the plane which maps leaves onto leaves.
Each leaf of a foliation divides the plane in two regions. Two leaves determine a unique region. The set of regions limited
by any pair of leaves form a base for a topology of D2. In the space of the leaves D
2
F we consider the quotient topology.
Let S0 be the set of leaves that are not closed with respect to this topology. A separatrix is a leaf belonging to the closure
of S0. We will denote by S the set of separatrices and a leaf in S− S0 is a limit separatrix.
Deﬁnition 1. Any connected component of D2 − S is a canonical region, O.
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Fig. 2. Tree of the canonical regions of a foliation.
In Fig. 1 we have schematized the ﬁve types of canonical regions such are described in [9].
An important tool to deﬁne the invariants of transverse two-foliations is to reformulate the basic invariants for one-
foliations. These basic invariants are, in all cases, a graph whose vertices are the canonical regions. Two vertices are
connected if the canonical regions have a common separatrix. What differs from one basic invariant to other is how they
distinguish the type of canonical regions.
In case that there are not limit separatrices, Markus, [6], introduces a simple invariant of the foliation F.
Deﬁnition 2. The separatrix conﬁguration, CF, is the collection of curves consisting of separatrices of F and a representative
leaf chosen from each canonical region.
It could be seen as Fig. 2 with only one leaf in each canonical region.
Recall that a knot is an embedding of a circle S1 into a 3-manifold W . Two knots are said equivalent if there is a
preserving orientation homeomorphism sending one knot of W into the other. A ﬁnite set of non-intersecting knots is a
link. A closed leaf of a foliation F(W ) is a knot. Except for symmetries the type of knot is an invariant for topologically
equivalent foliations.
Our reformulation is to see that the Markus invariant can be seen as a trivial link; this will serve us to characterize
transverse foliations without limit separatrices as a nontrivial link. In [9], a metric R-tree is associated to a Kaplan diagram
with some additional hypothesis. We don’t need the metric structure to classify the transverse foliation. Therefore we
simplify the construction and deﬁne the tree directly from the canonical regions of the foliation. With a direct generalization
of this method we construct the graph of the transverse foliations. All these items will be analyzed in a parallel way in this
paper. Theorems 3 and 4 are the main results of the ﬁrst section devoted to the case of one foliation, and 11 and 12 the
corresponding ones for transverse foliations.
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2. One foliation case
Here we recall some basic results of F1(R2) following [9].
Each canonical region intersects the ∂(D2) in a set of arcs. In the model compactiﬁed to S2 the point at inﬁnity is a
singularity. Surrounding the singularity one has a set of sectors. Each arc corresponds to a sector. We say that the sector is
hyperbolic if the leaves don’t intersect the singularity. If the sector is not hyperbolic we will say that it is an open side of
the canonical region.
A set of open curves on the plane, with no intersection, each one going to inﬁnity in both directions is a model of a
chordal system.
A set E is called a chordal system, denoted by CS, if there are two relations a|b|c and |a,b, c|+ deﬁned for triples of
distinct elements a,b, c. The axioms of these relations formalizes the properties of separation or cyclic order between
elements. A detailed deﬁnition can be found in [4].
In an F(R2), not only the leaves deﬁne a chordal system, but also the set of separatrices and the set of canonical regions
deﬁnes a chordal system.
2.1. Foliations without limit separatrices
We consider that the foliations are deﬁned on the unit disc. In [1], N. A’Campo introduces the concept of a divide P as
a generic relative immersion of a ﬁnite number of copies of the unit interval (I, ∂ I) in the unit disk (D2, ∂D2). Let u be a
tangent vector to a point x of a branch of the divide. To each pair (x,u) we associate the points on the unit sphere S3 that
veriﬁes:
‖x‖2 + ‖u‖2 = 1.
Considering all the points on a branch this construction gives a knot.
A separatrix conﬁguration deﬁnes a particular divide. The set of trivial knots associated to the leaves of the CF deﬁnes a
link, LCF. All knots are trivial and separated.
Now, we can reformulate the theorem of [6] in the following way.
Theorem 3. A foliation of the plane with a ﬁnite number of separatrices is characterized by the link associated to CF.
2.2. General case
From now on we consider that the set of separatrices of a foliation is Hausdorff with respect to the topology previously
deﬁned.
For each canonical region O we associate a vertex, v(O). Given two adjacent canonical regions we have and edge incident
to the corresponding vertex. In this way we deﬁne a tree associated to the canonical regions. It may result in an inﬁnite
graph, in the sense that the cardinal of the vertex is inﬁnite.
In Figs. 2 and 3 we have a foliation and the tree associated to its canonical regions.
To complete the description, we associate to v(O) another edge for each open side of O. Then, for each of these new
edges we have another vertex. If O is of type (i), we give an orientation to this edge so that the ﬁnal point will be v(O).
In the other case we give the inverse orientation to the edge.
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on D2; v(O) is any interior point of O.
Following [8], given a vertex of a graph, a local rotation of it gives an oriented cyclic order of all edges incident to the
vertex. A rotation system of a graph is a union of all local rotations over all vertices.
In our tree, we deﬁne a local rotation on each vertex coherent with an orientation to the border of D2. This orientation
determines an order on the canonical regions adjacent to a ﬁxed region. The edges departing from a vertex inherits this
rotational order of the adjacent canonical regions.
Proposition 4. From the Z2-tree constructed below one can obtain a topological model of the tree deﬁned by [9].
Proof. The tree constructed by Wang, T (F ), without the metric, can be obtained from our Z2-tree. For a canonical region
of type (i), T (F ) has:
a) A vertex corresponding to our vertex.
b) An edge from the vertex to the separatrix (given in the Kaplan diagram, by the closed side of the polygonoid).
It corresponds to the nonoriented edge (n.o.e.) of our distinguish tree.
c) A valuation (by 1) that indicates the type of region. In our tree the existence of a unique oriented edge (o.e.) leaving
the vertex implies the valuation.
The type (ii) is similar: we have a unique oriented edge but more than one n.o.e. joining the vertex of adjacent canonical
region.
For type (iii) the incoming edge in T (F ) is equivalent to the set of two exit edges separated by exactly one n.o.e. in the
local rotation ordering in our model.
The type (iv) is similar. The local rotation determines the multiple centers and the conﬁguration: o.e. → n.o.e. → o.e.
→ n.o.e. characterizes type (v) region.
In the regions where the nerve has two centers we collapse the segment of N(O) taking them to a unique vertex. Our
tree is a topological version of the metric tree of [9].
Moreover, the codiﬁcation in [9] is changed to the one described at the beginning of this section. 
3. Invariants of transverse foliations
Now we consider the case of transverse two-foliations, F2(R2). As in the case of one foliation we shall construct a link
if F21(R
2) has a ﬁnite number of separatrices and a distinguished graph in the general case. We begin with some previous
properties.
3.1. Properties related with the transversallity condition
Lemma 5. In a pair of transverse foliations, F2(R2), any leaf l2 ∈ F2(R2) do not intersect another leave, l1 ∈ F1(R2) in more than one
point.
Proof. Let a and b be distinct points of l1 ∩ l2 and I the interval of l1 limited by these two points. We assume that l1 ∩ l2 = ∅
in the interior of I . Any leaf of F2(R2) that intersects I must intersect it again, since the leaf cannot remain in the region
bounded by I and l2. Therefore we can deﬁne a map h from I to I . This map is an orientation reversing homeomorphism
of I and therefore h has a ﬁxed point. At this ﬁxed point the directions of both foliations coincide. 
Proposition 6. Let h be a homeomorphism that conjugates two transverse foliations. Then:
l1 ∩ l2 = ∅ ⇒ h(l1) ∩ h(l2) = ∅.
Proof. It is immediate, since any conjugation sends leaves to leaves. 
Deﬁnition 7. As in the case of a unique foliation we deﬁne a canonical region as any component of R2 minus the set of
separatrices of each foliation.
The difference with the case of a unique foliation is that now the canonical regions do not deﬁne areas of homogeneous
asymptotic behavior.
We call trivial canonical region, a canonical region ﬁlled by two sets of transverse trivial foliations. The intersection of two
limit separatrices is a point that can be limit of canonical regions.
The set of canonical regions deﬁnes a tessellation, maybe singular, of the plane, TF2.
Lemma 8. In a transverse pair of foliations, any canonical region without intersecting ∂D2 is a trivial canonical region.
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Proof. Let s11 be an arc of separatrix of F1 on the border of the canonical region. Let a and b be the end points of s
1
1 on the
canonical region. Through this points we have two separatrices, s12 and s
2
2 of F2.
Consider the set, B of arcs of leaves of F2 that are inside the canonical region and begin at s11. Consider the ﬂow
associated to B . B retracts to an arc. By Wazewski Theorem [10], the exit set of B will be a complete arc of separatrix s21.
Then, the arcs of separatrices, s11, s
2
1, s
1
2, and s
2
2 bound the canonical region. 
In a similar way we have:
Proposition 9. In a transverse pair of foliations without canonical regions of type (iii) or (iv), any canonical region which do not
intersect ∂D2 is the intersection of canonical regions of type (v).
We can associate a graph to the set of canonical regions in a standard way. The vertex are representatives of the canonical
regions and there is an edge from between two vertex if they are adjacent. We will note it by GF2, or GRF2 if it corresponds
to the reduced foliation. See Fig. 4. As in the case of one-foliation this graph may be a nonﬁnite graph.
3.2. Case with a ﬁnite number of separatrices
As in the case of one foliation we deﬁne the (reduced) separatrix conﬁguration, RCF2 as RCF1 ∪RCF2 indexing each leaf
with 1 or 2, according to the foliation it belongs.
Theorem 10. Given a transverse 2-foliation of the plane, F2(R2), with a ﬁnite number of separatrices an indexed link can be associated
to it.
Proof. Consider the set (may be empty) {p1, p2, . . . , pn} of points of RCF2 corresponding to intersections of leaves and the
distances to the border of the disk d(pk, ∂D2). Let 0  a < 1 the minimum of these distances and consider the circle Cε
centered at the origin and radius 1− ε, with ε < a. We also assume that ε is small enough in order to assure that the ring
bounded by Cε and ∂D2 do not contain any complete leaf of RCF
2. Now, each leaf cuts Cε in exactly two different points.
Applying the construction of N. A’Campo we get a link of S0-knots on the disc.
Given two equivalent indexed links, the topological type of each foliation is determined and also the relative position of
the leaves, therefore characterizing F2(R2). 
In the case of transverse foliations we get a link of trivial knots so that any pair of knots intersects at most in one point.
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We can order the link according to the order of the end points of the leaves on ∂D2. Since the points are on S1 we need
to ﬁx a ﬁrst point. Consider F1, there are at least two canonical regions of type (i). The ﬁrst point will be the representative
point of the separatrix of one of these canonical regions. Then, the representative leaves of each canonical region and the
separatrices will alternate. In the same way we distinguish a separatrix corresponding to a canonical region of type (i) for
the second foliation. This ordered distinguished link characterizes the pair of transverse foliations. We then have:
Theorem 11. A transverse 2-foliation of the plane, F2(R2), with a ﬁnite number of separatrices is characterized by the distinguished,
ordered, indexed link associated to RCF2 .
3.3. General case
Theorem12. A transverseF2(R2) 2-foliation of the plane, with T2-separatrices on the disk, is characterized by a Z2× Z2 distinguished
topological graph, the color of the graph being the second factor in the Z2 × Z2 distinction. This graph veriﬁes:
(1) Each one-color subgraph must collapse to a tree.
(2) A vertex without oriented edges is the initial point of four edges and it represents a canonical region which do not intersect ∂D2 .
(3) It is not possible to have a unique oriented edge of any color between two nonoriented edges of the same color.
To construct the associated graph we begin by ﬁxing an orientation to ∂D2.
(a) We begin with the GF2 graph. We add to each vertex new ﬁnal edges which characterize the behavior of the leaves
inside each canonical region.
In the case of canonical regions which do not intersect the border of the unit disk we do not add any new edge to the
representative vertex. The edges that arrive to it are the edges from the graph GF2.
In the rest of the construction we assume that all canonical regions intersect the border of the unit disc. We will call
these components of the boundary external boundaries, γα . The internal boundaries of the canonical regions will be made
by arcs γβ of separatrices, each one associated to a foliation.
Now, for the two foliations, we add an edge for each sector of ∂D2 where the leaves have a nonhyperbolic behavior.
If we are at an abutment we consider that the vertex is the ﬁnal point of the edge. In the other cases the vertex will be the
initial point of the edges. All these edges have a cyclic order according with the sense ﬁxed on ∂D2 and are located in the
interior of the canonical region.
The orientation of the edges is equivalent to Z2 distinguish them. Assigning 1,2 depending on if it represents an abut-
ment or a parabolic sector, we again Z2 distinguish the edges according to the foliation: the oriented edges describes the
behavior of one foliation. The nonoriented edges cut a separatrix of one of the foliations; this distinguished the nonoriented
edges (Fig. 5).
(b) The three conditions follows by the construction. The third one is a consequence of the transversality, so the conﬁg-
uration shown in Fig. 6 is not allowed. 
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